Abstract. We prove that if T is a strictly singular one-to-one operator defined on an infinite dimensional Banach space X, then for every infinite dimensional subspace Y of X there exists an infinite dimensional subspace Z of X such that ZAY is infinite dimensional, Z contains orbits of T of every finite length and the restriction of T to Z is a compact operator.
Introduction
An operator on an infinite dimensional Banach space is called strictly singular if it fails to be an isomorphism when it is restricted to any infinite dimensional subspace (by "operator" we will always mean a "continuous linear map"). It is easy to see that an operator T on an infinite dimensional Banach space X is strictly singular if and only if for every infinite dimensional subspace Y of X there exists an infinite dimensional subspace Z of Y such that the restriction of T to Z, TIz: Z-+X, is a compact operator. Moreover, Z can be assumed to have a basis. Compact operators are special examples of strictly singular operators. If 1 <_p<q<_oc then the inclusion map ip,q:lp--+lq is a strictly singular (non-compact) operator. A hereditarily indecomposable Banach space is an infinite dimensional space such that no subspace can be written as a topological sum of two infinite dimensional subspaces. W. T. Gowers and B. Maurey constructed the first example of a hereditarily indecomposable space [9] . It is also proved in [9] that every operator on a complex hereditarily indecomposable space can be written as a strictly singular perturbation of a multiple of the identity. If X is a complex hereditarily indecomposable space and T is a strictly singular operator on X then the spectrum of T resembles tile spectrum of a compact operator on a complex Banach space: it is either the singleton {0} (i.e. T is quasi-nilpotent), or a sequence {A,r~ :n= 1, 2,...} U {0}, where An is an eigenvalue (1) The research was partially supported by NSF.
George Androulakis and Per Enflo of T with finite multiplicity for all r~, and (A~,,)~ converges to 0, if it is an infinite sequence. It was asked whether there exists a hereditarily indecomposable space X which gives a positive solution to the "identity plus compact" problem, namely, every operator on X is a compact perturbation of a multiple of the identity. This question was answered in negative in [2] for the hereditarily indecomposable space constructed in [9[, (for related results see [7[, [8] , and [i]). By [3] , (or the more general beautiful theorem of V. Lomonosov [10]), if a Banach space gives a positive solution to the "identity plus compact" problem, it also gives a positive solution to the famous invariant subspace problem. The invariant subspace problem asks whether there exists a separable infinite dimensional Banach space on which every operator has a non-trivial invariant subspace, (by "non-trivial" we mean "different than {0} and the whole space"). It remains unknown whether 12 is a positive solution to the invariant subspace problem. Several negative solutions to the invariant subspace problem are known [4] , [5] , [11] , [12] , [13] . In particular, there exists a strictly singular operator with no non-trivial invariant subspace [14] . It is unknown whether every strictly singular operator on a super-reflexive Banach space has a nontrivial invariant subspaee. Our main result (Theorem 1) states that if T is a strictly singular one-to-one operator on an infinite dimensional Banach space X, then for every infinite dimensional Banach space Y of X there exists an infinite dimensional Banach space Z of X such that ZNY is infinite dimensional, the restriction of T to Z, TIz: Z-+X, is compact, and Z contains orbits of T of every finite length (i.e. for every hEN there exists z,~CZ such that {z,, Tz~, T2z~, ... , T~b.~}cZ) . We raise the following question.
Question. Let T be a quasi-nilpotent operator on a super-reflexive Banach space X, such that for every infinite dimensional subspace Y of X there exists an infinite dimensional subspace Z of X such that ZNY is infinite dimensional, T]z: Z-~X is compact and Z contains orbits of T of every finite length. Does T have a non-trivial invariant subspace?
By our main result, an affirmative answer to the above question would give that every strictly singular, one-to-one, quasi-nilpotent operator on a super-reflexive Banach space has a non-trivial invariant subspace; in particular, we would obtain that every operator on the super-reflexive hereditarily indeeomposable space constructed by V. Ferenczi [6] has a non-triviM invariant subspace, and thus the invariant subspace problem would be answered in affirmative.
